Introduction
For a convex function f defined on an open interval I of real numbers and a, b ∈ I with a < b, then the following inequality:
is known as the classical Hadamard's inequality for the convex function. In 1 , Dragomir established the following mapping:
then the mapping H is convex, increasing on 0, 1 , and for all t ∈ 0, 1 , we have
which is a refinement to the left side of 1.1 .
ISRN Mathematical Analysis
In 2 , Yang and Hong established the following mapping:
then the mapping G is convex, increasing on 0, 1 , and for all t ∈ 0, 1 , we have
which is a refinement to the right side of 1.1 .
In this paper, we first establish a mapping in Section 2, defined by
then the mapping A 1 is convex, increasing on 0, 1 , and for all t ∈ 0, 1 we have
Furthermore, there is a point ξ ∈ 0, 1 so that
a f x . Thus, 1.1 has been proved based on the properties of A 1 , and the inequality 1.7 is a refinement to the both sides of 1.1 .
In Section 3, we also use an analogue of 1.6 to obtain the following Hadamard's type inequality on a square: which is a generalization of 1.1 to two-dimensional Euclidean space. In Section 4, by establishing another analogue of 1.6 on a hypercube, the following Hadamard's inequality is also pointed out:
which is a generalization of 1.1 to n-dimensional Euclidean space. All the above Hadamard's inequalities 1.1 , 1.8 , and 1.9 have a uniform format
Thus, by establishing a family of the mappings, we have provided a method to get Hadamard's inequality of the convex function on a hypercube in n-dimensional Euclidean space. The motivation for the present work is from many generalizations and refinements of the classical inequality 1.1 in 1-8 .
Properties of the Mapping
The main properties of the mapping A 1 defined by 1.6 are embodied in the following theorem. 
ii one has the bounds:
iii the mapping A 1 is increasing on 0, 1 , iv there is a point ξ ∈ 0, 1 so that
2.2 v one obtains, the classical inequality 1.1 and has a refinement of 1.1 :
Proof. i Let t 1 , t 2 ∈ 0, 1 and α, β ≥ 0 with α β 1, then we have
which proves the convexity of A 1 on 0, 1 .
ii By the convexity of f on the interval a, b , we have
the bounds 2.1 hold. iii Let 0 < t 1 < t 2 ≤ 1. By the convexity of the mapping A 1 , we have
Since we have proved that A 1 t 1 ≥ A 1 0 for all t 1 ∈ 0, 1 in ii , the monotonicity of A 1 is established. iv We define the function φ on 0, 1 by
According to the Rolle's mean-value theorem, there is a point ξ ∈ 0, 1 so that
Thus, 2.2 holds. v Considering the properties ii , iii , and iv above, we have proved the Hadamard's inequality 1.1 and the inequality 2.3 .
The Hadamard's Inequality on a Square
We consider a convex function with two variables defined on a square in two-dimensional Euclidean space. 
and the mapping A 2 is defined by
which is a parameter curvilinear integral with respect to arc length, then one has i the mapping A 2 is convex on 0, 1 ,
ii one has the bounds inf t∈ 0,1
iii the mapping A 2 is increasing on 0, 1 , iv there is a point ξ ∈ 0, 1 so that 
which indicates the mapping A 2 t is continuous on 0, 1 . i Let t 1 , t 2 ∈ 0, 1 and α, β ≥ 0 with α β 1. By the convexity of f, we have
3.7
Similarly, we have f a αt 1 βt 2 z, b αt 1 βt 2 h 2 ≤ αf a t 1 z, b t 1 h 2 βf a t 2 z, b t 2 h 2 ,
3.8
Thus,
A 2 αt 1 βt 2 ≤ αA 2 t 1 βA 2 t 2 , 3.9
which proves the convexity of A 2 on 0, 1 .
